Abstract. Recently we propose a class of infinite-dimensional integral representations of classical gl ℓ+1 -Whittaker functions and local Archimedean local L-factors using two-dimensional topological field theory framework. The local Archimedean Langlands duality was identified in this setting with the mirror symmetry of the underlying topological field theories. In this note we introduce elementary analogs of the Whittaker functions and the Archimedean L-factors given by U ℓ+1 -equivariant symplectic volumes of appropriate Kähler U ℓ+1 -manifolds. We demonstrate that the functions thus defined have a dual description as matrix elements of representations of monoids GL ℓ+1 (R), R being the tropical semifield. We also show that the elementary Whittaker functions can be obtained from the non-Archimedean Whittaker functions over Q p by taking the formal limit p → 1. Hence the elementary special functions constructed in this way might be considered as functions over the mysterious field Q 1 . The existence of two representations for the elementary Whittaker functions, one as an equivariant volume and the other as a matrix element, should be considered as a manifestation of a hypothetical elementary analog of the local Langlands duality for number fields. We would like to note that the elementary local L-factors coincide with L-factors introduced previously by Kurokawa.
Introduction
We introduce a simplified version of the local Archimedean Langlands correspondence as a correspondence between various integral representations of a class of special functions. Under the local Langlands correspondence below we will understood a duality relation between various representations of a class of special functions including local L-factors and the Whittaker functions. This new setup arises quite straightforwardly out of an approach to the Archimedean Langlands correspondence on the level of special functions proposed recently [GLO6] , [GLO7] , [GLO8] (see also [G] for a general overview). It was argued in op. cit. that the Langlands duality between two constructions of the local Archimedean L-factors can be considered as an instance of a duality between infinite-dimensional equivariant symplectic geometry and finite-dimensional complex geometry (for generalities on the Langlands correspondence see e.g. [ABV] , [B] , [L] ). Thus the proper setting for Archimedean Langlands duality is the mirror symmetry of two-dimensional topological field theories. In particular two dual constructions of the local Archimedean L-factors have a clear interpretation in terms of mirror dual two-dimensional topological field theories.
It is known that one of the consequences of Langlands duality is the existence of two mutually dual constructions of Whittaker functions (see [Sh] , [CS] for the non-Archimedean case and [GLO3] , [GLO4] , [GLO5] for the Archimedean case). As was demonstrated in [GLO8] , the topological field theory approach can be successfully applied to description of the duality pattern. The Langlands dual constructions of the g-Whittaker functions arise while calculating correlation functions in mirror dual topological field theories of type A and type B. In type B topological field theory the correlation function reduces to a finite-dimensional integral which can be identified with an integral form of a matrix element of an infinite-dimensional representation of the Lie algebra g. On the other hand the integral representation arising in type A topological field theory is given by an infinite-dimensional integral over the space of holomorphic maps of a two-dimensional disk D into a flag space G ∨ /B ∨ where the Lie group G ∨ is dual to the Lie group G, Lie(G) = g, and B ∨ ⊂ G ∨ is a Borel subgroup. In the proposed interpretation the infinite-dimensional integral representation of the Whittaker function is identified with the arithmetic side while the finite-dimensional integral representation is identified (via relations between matrix elements of an infinite-dimensional representation of the dual group) with the representation theory side of the Langlands correspondence.
In this note we define a simplified version of the Archimedean Langlands correspondence for a class of special functions obtained by replacing two-dimensional topological field theories by zerodimensional ones in the constructions of [GLO6] , [GLO7] , [GLO8] . As a result, this simplified version of the Langlands correspondence is formulated purely in terms of finite-dimensional geometry. We use the adjective "elementary" for constructions arising in this simplified setting. Note that the twodimensional topological field theories involved have an S 1 -equivariance parameter for which the aforementioned reduction to zero dimensions naturally arises in the limit → ∞. This parameter can also be easily identified in the standard integral representations for the Whittaker functions. In this note we mostly avoid topological field theory considerations by taking the limit → ∞ in the explicit integral representations for the Whittaker functions [KL] , [Giv] . All the standard properties of the Whittaker functions have their elementary counterparts. For instance, the property of gl ℓ+1 -Whittaker functions to be a common eigenfunction of gl ℓ+1 -Toda chain quantum Hamiltonians is replaced by the property of the elementary gl ℓ+1 -Whittaker function to be an eigenfunction for a quantum billiard associated with gl ℓ+1 . We show that the elementary gl ℓ+1 -Whittaker function is the U ℓ+1 -equivariant symplectic volume of the flag space GL ℓ+1 /B. The dual description is a matrix element of a representation of the monoid GL ℓ+1 (R) where R is a tropical semifield. Note that the appearance of the tropical monoid in the elementary setting is directly related with the role played by the monoid of positive elements of GL ℓ+1 in the Givental type integral representations of the Whittaker functions [GKLO] , [GLO1] . Thus the elementary version of mirror symmetry, relating equivariant symplectic volumes of flag spaces GL ℓ+1 /B and matrix elements of representations of dual Lie monoids over tropical fields, provides an elementary analog of Archimedean Langlands duality. More generally the elementary Langlands correspondence for Whittaker functions relates symplectic finite-dimensional geometry of the flag spaces G/B and representation theory of tropical monoids associated with dual reductive groups G ∨ . All the results of [GLO2] , [GLO6] , [GLO7] , [GLO8] have their counterparts in the elementary setting. In particular we provide mutually dual descriptions (i.e. in terms of finite-dimensional symplectic geometry and in terms of tropical geometry) of the eigenfunction property of the elementary gl ℓ+1 -Whittaker functions with respect to an elementary version of the Baxter operators [GLO2] . The corresponding eigenvalues are given by elementary analogs of local L-factors having both a representation as an equivariant symplectic volume and as an integral over the tropical semifield.
Construction of the elementary Langlands correspondence reveals the fundamental role of geometry over tropical semifields as a dual description of the finite-dimensional symplectic geometry. The notion of a tropical semifield was first proposed by Maslov as a "dequantization" of real numbers in his study of classical asymptotics of quantum amplitudes (see [MS] for detailed explanations) and has appeared (under various names) in various branches of Mathematics and Physics. Tropical geometry, i.e. geometry over tropical semifields, has, for example, been applied to study mirror symmetry of Calabi-Yau manifolds (the Berkovich geometry approach due to Kontsevich and Soibelman [KS] , asymptotic analysis of Fukaya [F] ), and to counting complex curves in algebraic manifolds by Viro, Mikhalkin et al (see e.g. [IMS] ). See also [GKZ] , [Mi] , [EKL] for discussions of tropical geometry as a limit of real geometry in the case of toric manifolds.
The meaning of the elementary Whittaker functions can be partially elucidated using the qdeformed Whittaker functions [GLO3] , [GLO4] , [GLO5] . These functions provide an interpolation between classical gl ℓ+1 -Whittaker functions and their non-Archimedean analogs. The elementary g ℓ+1 -Whittaker functions can be obtained from the q-deformed gl ℓ+1 -Whittaker functions in two different ways. One can first consider a limit corresponding to classical gl ℓ+1 -Whittaker function [GLO9] and then obtain, by further degeneration, the elementary gl ℓ+1 -Whittaker functions. Equivalently one can first take a limit of the q-deformed gl ℓ+1 -Whittaker functions leading to the non-Archimedean gl ℓ+1 -Whittaker functions over Q p . The elementary gl ℓ+1 -Whittaker functions are then obtained by taking a formal limit p → 1. The last limit has a simple explanation based on the Shintani-Casselman-Shalika formula [Sh] , [CS] expressing the non-Archimedean Whittaker functions in terms of characters of finite-dimensional irreducible representations of the dual group. According to the Kirillov philosophy (see e.g. [K] ), characters of finite-dimensional irreducible representations of compact Lie groups admit a limit expressed as an integral over corresponding coadjoint orbit. This limiting representation is precisely the expression of the elementary Whittaker functions as equivariant symplectic volume integrals obtained in the limit p → 1. Taking the limit p → 1 as a way to produce the elementary analogs implies that tropical geometry should be considered as an effective description of geometry over a mysterious field Q 1 . It is known that amoebas, defined in [GKZ] , for variety over non-archimedean fields are identical to tropicalizations of the varieties over complex numbers [Mi] , [EKL] . Recently in [CC] , among other things, the limit of Q p for p → 1 was also discussed and the relation with tropical semifields is stressed. Although there is an obvious similarity with our considerations, we should note that in contrast to [CC] , we treat the tropical semifield as a universal target of the valuation map while Q 1 being surjectively mapped (as multiplicative monoid) onto tropical semifield R can have a larger kernel. We also should note that elementary L-factors coincide with the L-factors introduced by Kurokawa [Ku] (see also [Ma] ).
Let us note that the relation between quantum billiards and equivariant symplectic volumes is a consequence of the general description of the equivariant cohomology of flag manifolds in terms of representation theory of nil-Hecke algebras [BGG] , [KK] (see also [CG] , [Gi] for reviews). This points to a hierarchy of generalizations of the results of [GLO6] , [GLO7] , [GLO8] , and of the present article associated with multidimensional analogs of Hecke algebras (for the theory of double Hecke algebras see [Ch] ). As a simple straightforward generalization one can consider elementary analogs of spherical functions and their connection with representation theory of graded affine Hecke algebras. Thus elementary analogs of GL ℓ+1 -spherical functions have two dual descriptions. On the one hand they can be expressed as S 1 × U ℓ+1 -equivariant symplectic volumes of cotangent bundles T * B where S 1 acts on the fibres of the projection T * B → B. On the other hand elementary spherical functions can be realized canonically as spherical functions on the tropical monoid G ∨ (R). An elementary analog of the Calogero-Sutherland integrable systems (i.e. an integrable system such that spherical functions are common eigenfunctions of the corresponding quantum Hamiltonians) are systems of quantum particles with delta-function interactions (also known as Yang systems, see e.g. [HO] ). The Hecke algebra description, generalizing the discussion in Section 6, is given in terms of the G × C * -equivariant K-theory K G (B) and the graded affine Hecke algebra H (G) . Many other examples of these constructions are known (see e.g. [CG] ). We defer detailed discussions of the case of spherical functions and other generalizations for another occasion.
In this note we introduce an elementary analog of a particular manifestation of the local Langlands correspondence expressed as a relation between various representations of special functions e.g. the Whittaker functions. We expect that this can be generalized to an elementary analog of the full-flagged local Langlands correspondence between admissible representations of local reductive groups G (K) and admissible representations of the Weil-Deligne group W K factored through the homomorphism of W K into dual reductive group L G. Let us stress that the proposed elementary version of the local Langlands correspondence might be useful for understanding classical Langlands correspondence. In particular one can expect Langlands functoriality to be more accessible in the elementary setting.
The plan of the paper is as follows. In Section 2 we recall relevant facts about classical gl ℓ+1 -Whittaker functions, local Archimedean L-factors and Baxter integral operators. We also briefly discuss a topological field theory interpretation of a class of Whittaker functions and local Archimedean L-factors following [GLO6] , [GLO7] , [GLO8] . In Section 3 we define elementary analogs of gl ℓ+1 -Whittaker functions, local Archimedean L-factors and of Baxter integral operators. It is argued that the quantum billiard associated with the root system of gl ℓ+1 plays the role of an elementary analog of the gl ℓ+1 -Toda chain. In Section 4 we demonstrate that elementary Whittaker functions can be obtained as a limit of a specialization at q = 0 of the q-deformed gl ℓ+1 -Whittaker functions introduced in [GLO3] , [GLO4] , [GLO5] . In Section 5 elementary analogs of classical functions are identified with equivariant symplectic volumes. Thus the gl ℓ+1 -Whittaker functions are identified with U ℓ+1 -equivariant symplectic volumes of the flag spaces GL ℓ+1 (C)/B and elementary L-factors associated with standard representations C ℓ+1 of gl ℓ+1 are identified with U ℓ+1 -equivariant symplectic volumes of C ℓ+1 . We also provide a symplectic geometry interpretation of the eigenfunction property of an elementary Whittaker function with respect to an elementary analog of the Baxter operator. In Section 6 we elucidate some of the previous construction using the Kostant-Kumar description [KK] of equivariant cohomology of flag spaces in terms of representation theory of nil-Hecke algebras. In Section 7 the dual description of the elementary gl ℓ+1 -Whittaker functions as matrix elements of infinite-dimensional representations of tropical monoids associated with GL ℓ+1 is given (Theorem 7.1). Finally, in Section 8 we briefly discuss a relation of our constructions with geometry over the mysterious limiting field Q 1 .
In [GLO6] , [GLO7] , [GLO8] we introduced, using a topological field theory framework, infinitedimensional integral representations of the local Archimedean L-factors (given by products of Gamma-functions) and of a class of the Whittaker functions. These integral representations can be reduced to give representations of the special functions as equivariant volumes of the infinitedimensional spaces of holomorphic maps of a two-dimensional disk into a Kähler manifold such as a flag space G/P or a complex vector space V = C ℓ+1 . This should be compared with the classical finite-dimensional integral representations of the same special functions e.g. the Euler integral representation of the Gamma-function, the Mellin-Barnes and the Givental integral representations of the Whittaker functions [KL] , [GKLO] . It was argued in [GLO7] , [GLO8] that both the finite dimensional and the infinite-dimensional integral representations arise naturally as correlation functions in two-dimensional topological field theories and are related by a mirror symmetry of the underlying quantum field theories. One can conjecture that analogs of infinite-dimensional integral representations hold for many other special functions such as spherical functions and the Whittaker functions associated with arbitrary pairs (g, p) of Lie algebras g and their parabolic subalgebras p.
In this Section we review two particular classes of integral representations of the gl ℓ+1 -Whittaker functions associated with maximal and minimal parabolic subalgebras. We provide a realizations of the gl ℓ+1 -Whittaker functions associated with maximal parabolic subgroups as equivariant volumes of spaces of holomorphic maps [GLO8] , recall two integral representations of the local Archimedean L-factors and its topological field theory interpretation [GLO6] , [GLO7] .
Let E ij , i, j = 1, . . . ℓ + 1 be the standard basis of the Lie algebra gl ℓ+1 . Let Z(U gl ℓ+1 ) ⊂ U gl ℓ+1 be the center of the universal enveloping algebra U gl ℓ+1 . Let B ± ⊂ GL ℓ+1 (C) be upper-triangular and lower-triangular Borel subgroups and N ± ⊂ B ± be upper-triangular and lower-triangular unipotent subgroups. We denote by b ± = Lie(B ± ) and n ± = Lie(N ± ) their Lie algebras. Let h ⊂ gl ℓ+1 be the diagonal Cartan subalgebra and W = S ℓ+1 be the Weyl group of GL ℓ+1 . Using the Harish-Chandra isomorphism between Z(U gl ℓ+1 ) and the S ℓ+1 -invariant subalgebra of the symmetric algebra S * h, we identify central characters with homomorphisms c :
The central characters are in one to one correspondence with S ℓ+1 -orbits of elements of the dual space h * ≃ C ℓ+1 . Let π λ : U gl ℓ+1 → End(V λ ) be a representation of the universal enveloping algebra U gl ℓ+1 with a central character associated with the S ℓ+1 -orbit of ı −1 λ = (ı −1 λ 1 , . . . , ı −1 λ ℓ+1 ) ∈ ıR ℓ+1 , ∈ R + . We impose an additional condition that the action of the Cartan subalgebra h can be integrated to an action of the corresponding Cartan subgroup H ⊂ GL ℓ+1 (C) in V λ . Let V ′ λ be the dual module equipped with the induced action of U gl opp ℓ+1 (universal enveloping algebra of gl opp ℓ+1
obtained by inverting the signs of the structure constants of gl ℓ+1 ). Denote by , the pairing between V ′ λ and V λ . We suppose that the action of the Cartan subalgebra h in the representation V λ can be integrated to an action of the corresponding Cartan subgroup H ⊂ GL ℓ+1 (C).
According to Kostant a gl ℓ+1 -Whittaker function is defined as a matrix element
where x = (x 1 , . . . , x ℓ+1 ), ρ = (ρ 1 , . . . , ρ ℓ+1 ) is a vector in h * with components ρ k = −1/2(ℓ − 2k + 2), k = 1, . . . , ℓ + 1 (half of the sum of positive roots of gl ℓ+1 ). The one-dimensional spaces generated by vectors ψ L | ∈ V ′ λ and |ψ R ∈ V λ provide one-dimensional representations of U n − and U n + respectively
Standard considerations (see e.g. [STS] ) show that the matrix element (2.1) is a common eigenfunction of a family of commuting differential operators coming from the action of generators of Z(U gl ℓ+1 ) in V λ . These differential operators can be identified with quantum Hamiltonians of the gl ℓ+1 -Toda chain. The simplest non-trivial quantum Hamiltonian acts on a Whittaker function as the differential operator
The matrix element representation (2.1) leads to various integral representations of the Whittaker function by using explicit realizations of the universal enveloping algebra representation π λ via difference/differential operators acting on an appropriate space of functions. For example one can consider the principal series representation Ind
χ λ induced from a one-dimensional representation of B − given by the character
Here λ = (λ 1 , . . . , λ ℓ+1 ) is a vector in R ℓ+1 , is in R + and ρ k = −1/2(ℓ − 2k + 2), k = 1, . . . , ℓ + 1. The subspace of analytic vectors provides the corresponding representation of U gl ℓ+1 . More generally one can consider representations of U gl ℓ+1 realized in the subspace of B − -equivariant functions supported on B − -stable subvarieties in GL ℓ+1 . They obviously support an action of U gl ℓ+1 with central character associated to the S ℓ+1 -orbit through ı −1 λ.
In this article we shall be especially interested in the integral representations of gl ℓ+1 -Whittaker functions defined in the following two theorems.
Theorem 2.1 The gl ℓ+1 -Whittaker function has the following integral representation:
where
) and the domain of integration S is such that γ kj + ıǫ jk ∈ R and ǫ jk are fixed real numbers such that the conditions max j {Im γ kj } < min m {Im γ k+1,m } for all k = 1, . . . , ℓ hold. The integral (2.4) converges absolutely. Recall that we assume γ nj = 0 for j > n.
This integral representation was first introduced in [KL] and rederived in the framework of representation theory in [GKL] . Another relevant integral representation for the gl ℓ+1 -Whittaker function was introduced by Givental [Giv] (see [GKLO] for a representation theoretic derivation).
Theorem 2.2 The gl ℓ+1 -Whittaker function has the following integral representation:
where λ = (λ 1 , . . . , λ ℓ+1 ) ∈ R ℓ+1 . Here we set x i = T ℓ+1,i , i = 1, . . . , ℓ + 1 and the domain of integration C is a slight deformation of the middle-dimensional real subspace of C ℓ(ℓ+1)/2 rendering the integral (2.5) convergent.
In [GLO8] we introduced generalized gl ℓ+1 -Whittaker functions associated with parabolic subalgebras p ⊂ gl ℓ+1 (in this sense the standard gl ℓ+1 -Whittaker function (2.1) is associated with the Borel subalgebra b ⊂ gl ℓ+1 ). For the gl ℓ+1 -Whittaker function associated with the maximal parabolic subalgebra p 1,ℓ+1 ⊂ gl ℓ+1 (i.e. such that dim(gl ℓ+1 /p 1,ℓ+1 ) = ℓ) we coin the term (1, ℓ+1)-parabolic Whittaker function. The following analogs of the Mellin-Barnes and the Givental integral representations of a specialization of the (1, ℓ + 1)-parabolic Whittaker function holds. Theorem 2.3 The (1, ℓ + 1)-parabolic Whittaker function specialized to x 1 = x and x i = 0, i = 1 admits the following integral representations:
(1).
where ǫ > 0.
(2).
where λ = (λ 1 , . . . , λ ℓ+1 ) ∈ R ℓ+1 and C is a slight deformation of the real subspace of middle dimension in C ℓ rendering the integral (2.7) convergent.
Whilst being a common eigenfunction of a family of mutually commuting differential operators, the gl ℓ+1 -Whittaker function is also a common eigenfunction of a one-parameter family of integral operators [GLO2] . This family of integral operators (called the Baxter operators due to their relation with the Baxter operators in the theory of quantum integrable systems) has a representation theoretic origin. In [GLO2] the Baxter integral operators were defined as generating series for the generators of the Archimedean counterpart of the non-Archimedean spherical Hecke algebra. Explicitly, a one-dimensional family Q gl ℓ+1 (s), s ∈ C of the Baxter integral operators acting in an appropriate space of functions of ℓ + 1 variables has the following integral kernel:
The Baxter operator Q gl ℓ+1 (s) satisfies the following commutativity relations: 10) and the gl ℓ+1 -Whittaker function (2.4), (2.5) satisfies the following eigenfunction identity:
Here x = (x 1 , . . . , x ℓ+1 ), y = (y 1 , . . . , y ℓ+1 ), λ = (λ 1 , . . . , λ ℓ+1 ) and the eigenvalue is given by the local Archimedean L-factor attached to the principal series representation of GL ℓ+1 associated with the character (2.3) (see e.g. [B] , [L] )
The appearance of the local L-factors is not accidental and is related to the fact that the integral operators with kernels (2.8) are realizations of generating functions of elements of the local spherical Archimedean Hecke algebra (see [GLO2] for a detailed discussion). Note that the local Archimedean L-factors (2.12) also have integral representations of the Givental type (2.5) given by the Euler integral representations for the Gamma-functions
where Im(s) < 0, j = 1, . . . , ℓ + 1.
The expression of the local L-factor (2.12) as a product of Γ-functions is on the other hand an analog of the Mellin-Barnes representation (2.4) of the gl ℓ+1 -Whittaker function.
Along with the finite-dimensional integral representations, the Whittaker functions and the local Archimedean L-factors have infinite-dimensional integral representations. These integral representations naturally arise from an interpretation of the special functions as equivariant symplectic volumes of infinite-dimensional space of holomorphic maps of a two-dimensional disk into finitedimensional symplectic spaces [GLO6] , [GLO7] , [GLO8] . Given a finite-dimensional symplectic manifold M with a symplectic form ω and Hamiltonian action of a compact Lie group G one defines a G-equivariant symplectic volume as the following integral:
(2.14)
Here ω G is the G-equivariant extension of the symplectic form ω depending on an element λ ∈ g * of the dual space to the Lie algebra g = Lie(G) (see e.g. [Au] for precise definitions and details).
In [GLO6] , [GLO7] , [GLO8] this definition was used for infinite-dimensional spaces of holomorphic maps M(D, X) of a two-dimensional disk D = {z ∈ C| |z| ≤ 1} into symplectic U ℓ+1 -spaces X such as C ℓ+1 , SL ℓ+1 /P , with P ⊂ SL ℓ+1 being a parabolic group. There is a natural Hamiltonian action of S 1 × U ℓ+1 on M(D, X), where S 1 acts by rotations of D and the action of U ℓ+1 is induced from the action on X. An extension of the definition (2.14) to the infinite-dimensional case requires some care and includes a ζ-function regularization of the infinite-dimensional integrals.
The equivariant symplectic volumes of the spaces M(D, X) of holomorphic maps can be reformulated as particular correlation functions in two-dimensional equivariant topological sigma models on the disk D with target space X. An advantage of this reformulation is that one can invoke mirror symmetry considerations to reformulate the infinite-dimensional integral representations in terms of finite-dimensional ones [GLO6] , [GLO7] , [GLO8] . For the local Archimedean L-factors and the gl ℓ+1 -Whittaker functions this leads to the integral representations (2.13), (2.5).
Note that S 1 × U ℓ+1 -equivariant topological field theory depends on λ ∈ u * ℓ+1 and ∈ Lie(S 1 ). In the limit → ∞ one expects that the S 1 × U ℓ+1 -equivariant symplectic volume of M(D, X) will be reduced to a U ℓ+1 -equivariant volume integral over X. In the following Section we take this limit in the integral representations (2.4), (2.5), (2.13) for the gl ℓ+1 -Whittaker functions and local L-factors directly and demonstrate that the resulting elementary Whittaker functions and L-factors are given by equivariant symplectic volumes of finite-dimensional symplectic spaces. Note that up to now the interpretation of (parabolic) Whittaker functions in terms of equivariant symplectic volumes of infinite-dimensional spaces is not known in full generality (recent progress has however been presented in [O1], [O2] ). In cases when the interpretation in terms of topological field theory with a target space X is already established [GLO8] the obtained limiting expression is compatible with the localization to the space of constant maps to X discussed above. Thus the identification of the → ∞ limits of the gl ℓ+1 -Whittaker functions with U ℓ+1 -equivariant symplectic volumes of the flag spaces G/B should be considered as additional support for the approach of [GLO6] , [GLO7] , [GLO8] .
Elementary analogs of Whittaker functions and local L-factors
In this Section we take the limit → ∞ of the gl ℓ+1 -Whittaker functions and the local Archimedean L-factors and demonstrate that the resulting expression can be interpreted as an equivariant symplectic volume of finite-dimensional Kähler spaces. Let us start by introducing elementary analogs of the gl ℓ+1 -Whittaker functions.
Definition 3.1 The elementary gl ℓ+1 -Whittaker function is defined as the following absolutely convergent integral:
where the domain of integration S is such that γ jk + ıǫ jk ∈ R and ǫ jk are fixed real numbers such that the conditions max j {Im γ kj } < min m {Im γ k+1,m } for all k = 1, . . . , ℓ hold. We set (γ ℓ+1,1 , . . . , γ ℓ+1,ℓ+1 ) := (λ 1 , . . . , λ ℓ+1 ) ∈ R ℓ+1 and assume γ nj = 0 for j > n. We also use the notations x = (x 1 , . . . , x ℓ+1 ) and λ = (λ 1 , . . . , λ ℓ+1 ).
Proposition 3.1 The elementary gl ℓ+1 -Whittaker function has the following representation:
and
otherwise. Here (s (1), . . . , s(ℓ + 1)) is a permutation of (1, . . . , ℓ + 1) corresponding to an element s ∈ S ℓ+1 of the permutation group S ℓ+1 and l(s) is the length of the permutation (the number of terms in the minimal decomposition of s into elementary permutations).
Proof. 1. In the domain x 1 ≥ x 2 . . . ≥ x ℓ+1 the integration domain S can be deformed so that the integral (3.1) is given by a non-trivial sum of residues. To calculate contributions of the residues let us note that the integrand is symmetric with respect to S tot = S 2 × S 3 × · · · × S ℓ+1 acting on {γ ij } via permutations of the second index. The nontrivial residues corresponding to the poles of the integrand are at the points γ k,i = γ k+1,j , γ k,i = γ k,j . Let us first consider the residue contribution at the poles
The contribution of the rational function in the integrand is reduced after cancellations to
The integrand is symmetric under action of S tot and thus the contributions of other poles γ k,i = γ k+1,j , γ k,i = γ k,j can be obtained by averaging over the permutations. Note that the subgroup S 2 × S 3 × · · · × S ℓ ⊂ S tot acts trivially on the residue contribution. Thus the averaging over the subgroup cancels the factor ℓ n=1 (n!) −1 and the averaging over S ℓ+1 gives
2. Outside the dominant domain the integral 3.2 is equal to zero by deformation-of-contour arguments. ✷
It is easy to see that the representation (3.2) can be written in the following recursive form
where S ℓ,ℓ+1 is defined by the conditions max j {Im γ ℓ,j } < min m {Im γ ℓ+1,m }. We call the functions (3.1) elementary Whittaker functions due the following result.
Proposition 3.2 The elementary gl ℓ+1 -Whittaker function (3.1) can be represented as the limit
where Ψ λ (x, ) is defined by (2.4).
Proof. Consider the asymptotic behavior of the numerator of (2.4). By definition of the contour S in (2.4), the real parts of arguments of Γ-functions are positive. Then (3.1) is obtained from (2.4) by applying the following asymptotic form of the Γ-function:
where Θ(x) is the Heaviside function i.e. Θ(x) = 1 for x ≥ 0 and zero otherwise. ✷
The integral representation (3.1) is an analog of the Mellin-Barnes integral representation (2.4) and (3.4) is an analog of the fundamental recursive property of the Mellin-Barnes integral representation [KL] . Taking → ∞ in (2.5) one obtains an elementary analog of the Givental integral representation.
Proposition 3.3 The elementary gl ℓ+1 -Whittaker function has the following Givental type integral representation:
Here we define x i = T ℓ+1,i , i = 1, . . . , ℓ + 1 and we assume T k,i = 0 for i > k. The function Θ(x) is the Heaviside function i.e. Θ(x) = 1 for x ≥ 0 and zero otherwise.
Proof. Let us change the variables T k,i → T k,i , k = 1, . . . , ℓ + 1, i = 1, . . . , k in (2.5). Now we take the limit lim →∞ −ℓ(ℓ+1)/2 Ψ λ ( x| ) of the Givental integral representation (2.5) using the identity
This gives us (3.6). The second statement is a direct consequence of (3.6). ✷ Corollary 3.1 The elementary gl ℓ+1 -Whittaker function is given by
otherwise. Here D is a convex polytope in R ℓ(ℓ+1)/2 defined by the inequalities
Proof. Obviously follows from (3.6). ✷ Definition 3.2 The elementary (ℓ + 1, 1)-Whittaker function specialized at x = (x, 0, . . . , 0) is defined as the following integral:
where λ ∈ R ℓ+1 and ǫ > 0.
Proposition 3.4 . The following limiting expression holds:
(2). The elementary (ℓ + 1, 1)-Whittaker function has the following integral representation:
Proof. The proof is analogous to the proof of Proposition 3.4. ✷ Let us note that, in contrast with classical case, the elementary (ℓ + 1, 1)-Whittaker function can be obtained as a specialization of the elementary gl ℓ+1 -Whittaker function
Classical gl ℓ+1 -Whittaker function is a common eigenfunction of a family of mutually commuting differential operators. These differential operators can be identified with quantum Hamiltonians of the gl ℓ+1 -Toda chain. Similarly the elementary gl ℓ+1 -Whittaker functions are common eigenfunctions of a family of mutually commuting differential operators defining an elementary analog of the gl ℓ+1 -Toda chains. This elementary analog of the gl ℓ+1 -Toda chain can be obtained as the → ∞ limit of the standard gl ℓ+1 -Toda chain. We start with the definition of a (well-known) quantum integrable system which plays the role of the elementary gl ℓ+1 -Toda chain and then explain how this quantum integrable system arises in the → ∞ limit from the gl ℓ+1 -Toda chain.
Let (x 1 , . . . , x ℓ+1 ) be linear coordinates in R ℓ+1 . The permutation group S ℓ+1 acts in R ℓ+1 as the group of reflections with respect to the principal diagonals x i = x j . One defines a quantum billiard associated with the pair (R ℓ+1 , S ℓ+1 ) as a free quantum particle moving in the closure of the fundamental domain
We impose Dirichlet boundary conditions on wave functions at the boundary ∂D ℓ+1 . The resulting quantum integrable system is a special case of the well-known series of integrable systems on the fundamental domains of actions of Weyl groups W on Cartan subalgebras h (in our case the Lie algebra is A ℓ , the Cartan subalgebra is h = R ℓ+1 and the Weyl group is W = S ℓ+1 ) (see e.g. [I] ).
Proposition 3.5 The elementary gl ℓ+1 -Whittaker function (3.1) is a common eigenfunction of the elementary Toda chain Hamiltonians
} is a compactification of the fundamental domain of the action of S ℓ+1 in R ℓ+1 and Dirichlet boundary conditions are imposed
Proof. The representation (3.2) of the elementary gl ℓ+1 -Whittaker function as a sum over the Weyl group S ℓ+1 implies that the elementary gl ℓ+1 -Whittaker function is a common eigenfunction of the operators P i (∂ x ). Taking into account (3.3) we infer that the elementary gl ℓ+1 -Whittaker function satisfies the boundary condition (3.12) and thus solves the eigenvalue problem of the quantum billiard. ✷ Taking into account (3.2) we obtain an expansion of the quantum billiard eigenfunction
the product is over positive roots of gl ℓ+1 and we use the elementary analog Γ (0) (s) = s −1 of classical Gamma-function. The functions C (0) (λ) are elementary analogs of the Harish-Chandra functions for the Whittaker case. Indeed, the expansion (3.13) should be compared with an asymptotic expansion in the region x k >> x k+1 , k = 1, . . . , ℓ of classical class one gl ℓ+1 -Whittaker function (see e.g. [KL] )
Thus, the gl ℓ+1 -Whittaker function (2.4) is a common eigenfunction of the gl ℓ+1 -Toda chain and the elementary gl ℓ+1 -Whittaker function (3.1) is a common eigenfunction of a quantum billiard system associated with gl ℓ+1 . It is natural expect that the quantum billiard can be understood as an → ∞ limit of gl ℓ+1 -Toda chain. Below we demonstrate this relation for the simplest non-trivial case ℓ = 1.
A ring of quantum Hamiltonians of the gl 2 -Toda chain is generated by the two differential operators
Let us make the change of variables y i = −1 x i to obtain
Elementary analogs of the quantum Hamiltonians obtained by taking the limit → ∞ are given by
One can explicitly check that the elementary Whittaker function
is an eigenfunction of (3.16) and (3.17). Indeed, we have
The function Θ ∞ (y 2 − y 1 )ψ λ 1 ,λ 2 (y 1 , y 2 ) is zero for y 1 = y 2 and is infinite at y 1 = y 2 . The precise character of the infinity is fixed by the limiting procedure → ∞ and leads to an identification
Thus, with this definition of the product Θ ∞ (y 2 − y 1 )ψ λ 1 ,λ 2 (y 1 , y 2 ), we obtain that the limit → ∞ of gl 2 -Toda chain is indeed given by the quantum (R 2 , S 2 )-billiard. These considerations can be straightforwardly generalized to the case of an arbitrary rank. We however prefer just to define elementary analogs of gl ℓ+1 -Toda chain as quantum (R ℓ+1 , S ℓ+1 )-billiard to avoid ill-defined manipulations with Θ ∞ (x).
Finally we define elementary analogs of the local Archimedean L-factors (2.12) and the Baxter operators (2.8).
Definition 3.3 Let V = C ℓ+1 be supplied with the standard action of U ℓ+1 . The elementary local L-factor associated with V and with an endomorphism Λ ∈ End(V ) given by a diagonal matrix Λ = diag(λ 1 , · · · , λ ℓ+1 ) is defined as follows: 19) where λ = (λ 1 , . . . , λ ℓ+1 ), and s ∈ C.
Proposition 3.6 The following relation between (3.19) and (2.12) holds:
Proof. Let Re z > 0, then
and thus
The eigenvalues of the Baxter integral operators (2.8) acting on the gl ℓ+1 -Whittaker functions (2.4) are given by the local Archimedean L-factors. Similar relations hold for their elementary analogs. Consider the one-dimensional family gl ℓ+1 Q (0) (s) of integral operators acting in an appropriate space of functions of ℓ + 1 variables and having the integral kernel
where we assume x := (x 1 , · · · , x ℓ+1 ) and y := (y 1 , . . . , y ℓ+1 ).
Proposition 3.7 The following identity holds:
Proof. By changing variables x → x, y → y the proof reduces to straightforward application of the identity (3.7). ✷ Corollary 3.2 The elementary gl ℓ+1 -Whittaker function has the following eigenfunction property:
where x = (x 1 , . . . , x ℓ+1 ), y = (y 1 , . . . , y ℓ+1 ), λ = (λ 1 , . . . , λ ℓ+1 ) and the eigenvalue is equal to the local Archimedean L-factor
4 A limit of q-deformed Whittaker functions
In [GLO3] , [GLO4] , [GLO5] explicit expressions for q-deformation of the gl ℓ+1 -Whittaker functions were proposed. The q-deformed Whittaker functions are common eigenfunctions of q-deformed Toda chains (also known as relativistic Toda chains) [R] , [Et] and the standard Whittaker functions arise in the limit q → 1. In the previous Section we defined the elementary gl ℓ+1 -Whittaker functions as a limit of classical gl ℓ+1 -Whittaker functions.
In this Section we demonstrate that the elementary gl ℓ+1 -Whittaker function can be obtained directly from the q-deformed gl ℓ+1 -Whittaker function Ψ q z (n) by specializing at q = 0 and taking a limit with respect to spectral variables z = (z 1 , . . . , z ℓ+1 ). Similar relations hold between the limits → ∞ of classical local Archimedean L-factors/Baxter operators on the one hand, and the q = 0 specialization of q-deformed local L-factors (introduced in [GLO3] , [GLO4] , [GLO5] )/q-deformed Baxter operators on the other hand.
Specialization q = 0 of the q-deformed class one gl ℓ+1 -Whittaker function was already considered in [GLO3] . Under this specialization the q-deformed gl ℓ+1 -Whittaker function Ψ q z (n) is given by a character of a finite-dimensional irreducible representation of gl ℓ+1 corresponding to the partition 1) and is equal to zero for (n 1 , · · · , n ℓ+1 ) outside the principal domain n 1 ≥ . . . ≥ n ℓ+1 . Using the Weyl character formula (see e.g. [Zh] ) we have
where S ℓ+1 is the permutation group identified with the Weyl group of gl ℓ+1 and for an element s ∈ S ℓ+1 , l(s) is the length of the minimal product decomposition of s. There exists another representation for the characters of irreducible finite-dimensional representations of gl ℓ+1 based on Gelfand-Zetlin bases in finite-dimensional irreducible representations [GZ] (see also [Zh] ). Let P ℓ+1 be a set of Gelfand-Zetlin patterns, that is a set of collections p = {p i,j }, i = 1, . . . , ℓ + 1, j = 1, . . . , i of integers satisfying the conditions p i+1,j ≥ p i,j ≥ p i+1,j+1 . An irreducible finitedimensional representation can be realized in a vector space with the basis v p enumerated by the Gelfand-Zetlin patterns p with fixed p ℓ+1,i , i = 1, . . . , ℓ + 1. Action of the Cartan generators on v p is then given by
). Then for the character of an irreducible representation of GL ℓ+1 corresponding to a partition (n 1 ≥ . . . ≥ n ℓ+1 ) we have
This representation can be written in the recursive form 5) where the sum runs over the set P ℓ+1,ℓ of p ℓ = (p ℓ,1 , . . . , p ℓ,ℓ ) satisfying the conditions p ℓ+1,i ≥ p ℓ,i ≥ p ℓ+1,i+1 . One can also write down irreducible characters in the following recursive integral form (see e.g. [GLO5] ):
Let χ r (z) be characters of the fundamental representations V ωr = r C ℓ+1 of gl ℓ+1 χ r (z) = Ir z i 1 · · · z ir , r = 1, . . . , ℓ + 1, and I r = (i 1 < i 2 < . . . < i r ) ⊆ {1, 2, . . . , ℓ + 1}. The functions Ψ q=0 z 1 ,···z ℓ+1 (n 1 , · · · , n ℓ+1 ), equal to the characters of irreducible finite-dimensional representations of gl ℓ+1 in the principal domain n 1 ≥ . . . ≥ n ℓ+1 , satisfy a system of difference equations expressing the Piery branching rules
where I r = (i 1 < i 2 < . . . < i r ) ⊆ {1, 2, . . . , ℓ + 1} and ν j = 1 or ν j = 0 depending on whether or not j is in the set I r . We also omit the terms in the right hand side of (4.7) corresponding to non-dominant weights. The characters are uniquely defined as solutions of the equations (4.7) with the condition Ψ q=0 z (p ℓ+1 ) = 0 for p ℓ+1 outside the principal domain p ℓ+1,1 ≥ . . . ≥ p ℓ+1,ℓ+1 .
Proposition 4.1 Let z i = t −λ i , λ i ∈ C, t ∈ R + and for x j ∈ R let n i (t, x j ) be the integer parts of x j / log t. In the limit t → 1 the function (4.1) reduces to the elementary gl ℓ+1 -Whittaker function (3.1)
(n 1 (t, x 1 ), · · · , n ℓ+1 (t, x ℓ+1 )).
Proof. Taking the limit of the recursive relations (4.6) we obtain the recursive relations (3.4). ✷ Similar relations hold between q-deformed local L-factors (introduced in [GLO3] , [GLO4] , [GLO5] ) and elementary local L-factors (3.23). Recall that the q-deformed local L-factor is given by
(4.8)
Taking q = 0 we have
Now let z i = t −λ i , u = t −s . Taking the limit t → 1 we recover the elementary local L-factor
Local Archimedean L-factors are eigenvalues of the Baxter integral operators acting on the Whittaker functions [GLO2] . Similar relations hold for their q-deformations. Next we give explicit formulas for q = 0 specialization of the q-deformed Baxter operators.
Proposition 4.2 The q = 0 specialization (4.1) of the q-deformed gl ℓ+1 -Whittaker function is a common eigenfunction of the one-parameter family of operators
where the kernel is given by
The corresponding eigenvalues are given by local L-factors (4.9)
Proof. Recall that Ψ q=0 z 1 ,··· ,z ℓ+1 (n 1 , · · · , n ℓ+1 ) can be interpreted as characters of a finite-dimensional irreducible representation of gl ℓ+1 . The local L-factor (4.9) can be considered as a character of an infinite-dimensional representation of gl ℓ+1
. Now (4.13) is derived by applying the standard Littlewood-Richardson rules for decomposition of a tensor product of representations (see e.g. [Fu] , [Zh] ) χ r,0,...,0 (z)χ n 1 ,...,n ℓ+1 (z) = Ir χ n+ν Ir (z), (4.14)
where I r = (i 1 < i 2 < . . . < i r ) ⊆ {1, 2, . . . , ℓ + 1} and ν j = 1 or ν j = 0 depending on whether or not j is in I r . We also discard all terms on the right hand side for which n + ν Ir is not in the principal domain. Now the statement of the Proposition follows from the decomposition
✷
Let us consider in detail the eigenfunction equation (4.13) for ℓ = 0, 1. We start with ℓ = 0. Irreducible representations of U 1 are one-dimensional
Let H be a generator of Lie(U 1 ). The q = 0 specialization of the q-deformed gl 1 -Whittaker function is given by the character
The local Archimedean L-factor has the following trace representation:
where H acts in C[z] as H = z∂ z . We have the following decomposition of the product of characters of V n and H:
This can be rewritten as the action of an integral operator on the Whittaker function Ψ q=0 t
where Q(u) acts on functions on Z as follows:
Now consider the case ℓ = 1. Let V n 1 ,n 2 be the finite-dimensional irreducible representation of gl 2 corresponding to a partition (n 1 , n 2 ), n 1 ≥ n 2 . Let H i , i = 1, 2 be generators of the diagonal Cartan subalgebra. The q = 0 specialization of the q-deformed gl 2 -Whittaker function is expressed via characters of irreducible finite-dimensional representations as
The local L-factor has the following representation:
The following identity (a particular instance of the Richardson-Littlewood rule) holds:
where χ n 1 ,n 2 (t 1 , t 2 ) := Tr Vn 1 ,n 2 t
2 and the sum goes over the subset I r,k ∈ Z 2 for which
This can be rewritten as follows:
Thus we recover a special case of (4.13) with the kernel of the Baxter operator given by
Let us finally note that the elementary Baxter operator (3.6) can be obtained as a limit of its q = 0 counterpart.
Proposition 4.3 Let u = t λ and let n i (t, x j ), m j (t, y j ) be the corresponding integer parts of x j / log t, y j / log t respectively. Then the following identity holds:
Proof. The proof is straightforward. ✷
Elementary special functions as symplectic volumes
In this Section we represent the elementary special functions defined in the previous Section as equivariant volumes of finite-dimensional symplectic spaces. As was already noticed at the end of Section 2 this representation is not surprising, given the existence of a similar representation of classical Whittaker functions and local L-factors as equivariant volumes of infinite-dimensional symplectic spaces of holomorphic maps of a two-dimensional disk into finite-dimensional symplectic spaces [GLO6] , [GLO7] , [GLO8] . In the limit when the S 1 -equivariance parameter corresponding to disk rotations goes to infinity, the corresponding equivariant volume of the space of holomorphic maps of the disk into X tends to the equivariant volume of X given by an elementary analog of the corresponding special fucntion. In this Section we demonstrate directly that U ℓ+1 -equivariant volumes of flag spaces B ℓ+1 = GL ℓ+1 (C)/B are equal to elementary gl ℓ+1 -Whittaker functions (2.4). The same relation also holds for (ℓ + 1, 1)-Whittaker functions and local L-factors. Thus, for elementary analogs, we prove the relation between symplectic volumes and special functions for a more general case than was done in [GLO8] . In this Section we also provide a reformulation of the eigenfunction property (2.11) of the elementary Whittaker function in terms of symplectic geometry.
Let B ℓ+1 = GL ℓ+1 (C)/B be a flag space of GL ℓ+1 . It can be identified with the factor U ℓ+1 /H of the unitary group U ℓ+1 over the Cartan torus U ℓ+1 1 of U ℓ+1 . The space U ℓ+1 /H on the other hand is obviously a coadjoint orbit O u 0 of a regular element u 0 ∈ u * ℓ+1 . This interpretation provides a family of Kirillov-Kostant symplectic structures on the B ℓ+1 parameterized by positive cone in the dual to the Cartan subalgebra h ∈ u ℓ+1 (see e.g. [K] ). In the following we identify both u * ℓ+1 with u ℓ+1 as well as h * with h via the Killing quadratic form on u ℓ+1 .
ℓ+1 with x 1 > x 2 > . . . > x ℓ+1 . The Kirillov-Kostant symplectic form ω on an open part of the coadjoint orbit O u 0 can be written explicitly as follows. Consider the closed two-form on U ℓ+1
where trace is taken in the standard representation u ℓ+1 → End(C ℓ+1 ). This two-form is a lift of the Kirillov-Kostant closed non-degenerate two-form ω u 0 on O u 0 along a projection U ℓ+1 → O u 0 , such that g → u = g −1 u 0 g. The action of the group U ℓ+1 on (O u 0 , ω u 0 ) is Hamiltonian and the corresponding momentum map is given by
Proposition 5.1 The following representation for the elementary gl ℓ+1 -Whittaker function (3.1) holds:
where H jj are diagonal components of H(u 0 , g).
Proof. The integral (5.2) can be calculated using the Harish-Chandra formula for orbit integrals
where Λ = diag(λ 1 , . . . , λ ℓ+1 ) with λ 1 > · · · > λ ℓ+1 and the measure vol U ℓ+1 /H is the canonical volume form on the factor U ℓ+1 /H induced by the Killing form on u ℓ+1 . Here we also denote are U ℓ+1 -invariant top-dimensional forms on B and thus it is enough to compare these measures near the projection of the unit element e ∈ U ℓ+1 . Simple calculation gives
Thus we obtain
Taking into account (3.2) we obtain (5.2). ✷
The identity (5.2) can also be proved explicitly using a Gelfand-Zetlin type parametrization on an open part of the regular coadjoint orbit O u 0 of U ℓ+1 [AFS] . Recall that an open part of the regular coadjoint orbit O u 0 allows a parametrization in Darboux coordinates {T ij , θ ij }, 1 ≤ j ≤ i < ℓ + 1 so that the symplectic form ω u 0 is given by
Here θ ij are periodic coordinates θ ij ∼ θ ij + 1 and T ij ∈ R, 1 ≤ j ≤ i < ℓ + 1 satisfy the Gelfand-Zetlin conditions
and we identify T ℓ+1,j := x j , j = 1, . . . , ℓ + 1. Thus the image of an open part of O u 0 under the projection along an ℓ(ℓ + 1)/2-dimensional torus parameterized by θ ij ∈ R, 1 ≤ j ≤ i < ℓ + 1 is a convex Gelfand-Zetlin polytope P ℓ+1 in R ℓ(ℓ+1)/2 defined by the conditions (5.4). In coordinates (T, θ) the components of the momentum map of the action of the diagonal Lie subalgebra u ℓ+1 1 ⊂ u ℓ+1 are given by
Thus the integral, after integration over θ ij , can be written in the following form:
where T ij := 0 for i < j. This integral representation coincides with the Givental type integral representation (3.8) and thus we again recover the identity (5.2).
Remark 5.1 The appearance of the Gelfand-Zetlin polytope P ℓ+1 in the Givental type integral representation (3.8) is related with a deep duality relation between the Gelfand-Zetlin and the Givental realizations of representations of U gl ℓ+1 discussed in [GLO2] .
The relation (5.2) can also be understood as a limit of the identification of the q = 0 gl ℓ+1 -Whittaker functions with the characters of irreducible representations of gl ℓ+1 . Indeed, according to the Kirillov philosophy, unitary irreducible representations of a Lie group G can be obtained by quantization of coadjoint orbits of G [K] . In the other direction, a classical limit of the character of an irreducible representation is given by a G-equivariant symplectic volume of the corresponding coadjoint orbit. The precise relation in our case is as follows. The orbit integral (5.3) is equal to a limit of the character (4.4) of an irreducible finite-dimensional representation of gl ℓ+1
where χ x 1 ,...,x ℓ+1 (e ıλ 1 , . . . , e ıλ ℓ+1 ) = 1
A similar interpretation holds for the elementary (ℓ + 1, 1)-Whittaker functions (3.10). Note that these functions can be obtained either by specialization of the previous formulas or as equivariant symplectic volumes of the partial flag space GL ℓ+1 /P ℓ,ℓ+1 = P ℓ .
Proposition 5.2 The elementary (ℓ+1, 1)-Whittaker function associated with the partial flag space P ℓ has the following integral representations:
where ∆ ℓ (x) is a simplex defined by the equation
Proof. This representation can be derived straightforwardly from (3.10) taking into account ∞ 0 dte −at = a −1 , a > 0. ✷ The simplex ∆ ℓ in (5.6) can be understood as an image of the projective space P ℓ under the U ℓ 1 -momentum map. In this respect it is an analog of the Gelfand-Zetlin polytope P ℓ+1 in (5.5). u 0 onto the Gelfand-Zetlin polytope P ℓ+1 . Now we provide a similar interpretation of the elementary local L-factors (3.19) as equivariant symplectic volumes of non-compact symplectic spaces. Let us equip the vector space V = C ℓ+1 with the standard symplectic structure
where (z 1 , . . . , z ℓ+1 ) are complex linear coordinates on V . The standard action of U ℓ+1 on V is Hamiltonian. Explicitly the action of the diagonal subgroup U ℓ+1 1 ⊂ U ℓ+1 on V is generated by vector fields
The corresponding momenta H j (i.e. solutions of equations ι v j ω = dH j ) are given by
1 -equivariant volume of V is defined as the integral
Lemma 5.1 The elementary local L-factor associated with the vector space V = C ℓ+1 is expressed through the equivariant volume (5.7) as follows:
Proof. Direct calculation of the Gaussian integral (5.2). ✷
Finally let us give an interpretation of the eigenfunction property (3.22) of the elementary Whittaker function with respect to the action of the elementary Baxter operator. We consider the simplest cases ℓ = 0, 1 leaving the general case for another occasion. Let (M, ω, G, µ) be a quantizable G-symplectic space M with a symplectic form ω and a fixed momentum map µ : M → g * where g * is dual to g = Lie (G) . Here quantizable means that one can naturally associate with (M, ω, G, µ) a unitary G-module V M . In general the representation V M associated with the quantizable symplectic manifold (M, ω, G, µ) has a non-trivial decomposition on irreducible Grepresentation
Let us recall a realization of this decomposition (5.8) via symplectic geometry of the underlying symplectic space M (see e.g. [GLS] ). Given quantizable symplectic spaces (M 1 , G, ω 1 , µ 1 ), (M 2 , G, ω 2 , µ 2 ) with corresponding unitary G-modules V M 1 and V M 2 , the space of linear G-maps Hom G (V M 1 , V M 2 ) can be obtained by quantization of a symplectic space associated with (M 1 , G, ω 1 , µ 1 ), (M 2 , G, ω 2 , µ 2 ) as follows. Consider the space (M 1 × M 2 , G, ω 1 − ω 2 , µ 1 − µ 2 ) where G acts diagonally on M 1 × M 2 . The vector space of G-maps Hom G (V 2 , V 1 ) can be obtained by quantization of the Hamiltonian reduction of the space (M 1 × M 2 , G, ω 1 − ω 2 , µ 1 − µ 2 ) over zero values of the G-momentum map µ tot = µ 1 − µ 2 . Let us denote the result of this reduction by N (M 1 , M 2 ).
According to Kirillov (see e.g. [K] ) an irreducible representation V λ of a Lie group G characterized by a weight λ shall be associated with a coadjoint symplectic orbit O λ of an element λ ∈ g * supplied with the Kirillov-Kostant symplectic structure ω λ . Thus for the special case M 2 = O λ the reduced space N (M, O λ ) is given by a factor of the zero momentum subset 
(5.10)
The symplectic counterpart of the decomposition (5.8) is given by a realization of M as a stratified symplectic bundle (see e.g. [GLS] ) with base h * , h = Lie(H), and with fibres over λ ∈ h * being
Here H λ ⊂ H is a subgroup of the Cartan subgroup H ⊂ G depending on λ. Note that one can have H λ = ∅. Let us now apply these considerations to the construction of symplectic counterparts to the Baxter operator for low ranks ℓ = 0, 1.
For ℓ = 0 we consider two U 1 -modules V n and V C = C[z] such that the generator H of Lie(U 1 ) acts as H| Vn = n,
The modules V n and V C can be obtained by quantization of the symplectic U 1 -spaces (pt, U 1 , ω = 0, µ n = n) and (C, U 1 , ω C , µ = 1 2 |z| 2 ) where ω C = ı 2 dz ∧ dz. The Hamiltonian action of U 1 is given by e ıθ : z −→ e ıθ z.
Recall that the q = 0 specialization (4.11) of the q-deformed Baxter operator is associated with the decomposition of the product V n ⊗ H into irreducible representations
We would like to find a symplectic geometry counterpart of this decomposition. The multiplicity spaces are given by
Using (5.10) we obtain for symplectic analogs N λ = C// µ=λ U (1) of the multiplicity spaces
The symplectic geometry analog of the decomposition (5.11) is a bundle over the stratified space R = R <λ ∪ {λ} ∪ R >λ such that the fibre over R <λ is the empty set, the fibre over {λ} is a point and the fibre over R >λ is S 1 . This indeed provides a model for C via momentum map projection µ U (1) C → R. Classical counterpart of the decomposition (5.11) for the equivariant symplectic volume integral can thus be written in the following form:
Let us now consider the case of ℓ = 1. We have two U 2 -modules V n 1 ,n 2 and
Hamiltonian action of U 2 on C 2 is given by g : z i −→ 2 j=1 g ij z j and the corresponding momenta are (µ C 2 ) ij = ı 2 z izj , with respect to the symplectic structure
The modules V n 1 ,n 2 and V C 2 can be obtained by quantization of the symplectic U 2 -spaces (P 1 , U 2 , ω s 1 ,s 2 = (s 1 − s 2 )ω F S , µ P 1 ) and (C 2 , U 2 , ω C 2 , µ C 2 ), where ω F S is the Fubini-Studi symplectic form on P 1 , and the momentum map in stereographic coordinates is
The q = 0 Baxter Q-operator is associated with the decomposition of the product V n 1 ,n 2 ⊗ V C 2 into irreducible U 2 -representations. The Baxter eigenfunction equation (4.15) can be represented in the following form
The symplectic geometry counterpart of this decomposition is a representation of the product of a U 2 coadjoint orbit O s 1 ,s 2 , s 1 > s 2 and C 2 as a bundle over a stratified space u 1 ⊕ u 1 = R 2 with generic non-empty fibre where µ = µ C 2 + µ P 1 is a momentum map O s 1 ,s 2 × C 2 → u * 2 , µ * = (µ C 2 ) 11 + (µ C 2 ) 22 and ω s 1 ,s 2 is the Kirillov symplectic form on O s 1 ,s 2 = P 1 . The integral (5.13) can be rewritten as follows:
δ(µ ij − u ij ) e τ 1 µ 11 +τ 2 µ 22 +ξµ * .
A generic element u ∈ g * can be represented as u = g −1 u 0 g, g ∈ U 2 /U 2 1 and u 0 = ı diag(λ 1 , λ 2 ) such that λ 1 > λ 2 via a projection g * → t * /W . We have the following relation between the integration measures (c.f. the Weyl integration formula):
where vol U 2 /U 2 1 is the induced volume form on the coadjoint orbit U 2 /U 2 1 . Thus we obtain
In the last formula we use SU (2)-invariance of the integral. Thus we obtain
where we use ω λ 1 ,λ 2 = ∆(λ)vol U 2 /U 2 1 . The integral (5.15) is the U 2 -equivariant symplectic volume of the coadjoint orbit O λ 1 ,λ 2 and is classical counterpart of the character of the irreducible representation associated with the coadjoint orbit. On the other hand the function J(s 1 , s 2 ; ξ; λ 1 , λ 2 ) shall be considered to be classical analog of the multiplicity function dim Hom U 2 (V m 1 ,m 2 , V n 1 ,n 2 ⊗ V C 2 ). Proposition 5.3 One has the following expression for the integral:
where λ 1 > λ 2 and s 1 > s 2 .
Proof. The calculation for general s 1 , s 2 can easily be reduced to the case s 2 = 0 and s 1 = s. In this case the integral can be calculated using the representation of the integral over the orbit O = P 1 via the integral over C 2 J(s 1 , s 2 ; ξ; λ 1 , λ 2 ) = ∆(λ)
Let us introduce the variable ξ = z 1z2 + w 1w2 and integrate over ξ to obtain
Integration over w 1 gives
and further integration over z 2 provides
Finally after integration over t and taking into account λ 1 > λ 2 we arrive at
This finishes the proof of the Proposition. ✷
The integral representation (5.16) is the symplectic integral representation of the Baxter operator kernel (4.12) for ℓ = 1.
Equivariant symplectic volumes and nil-Hecke algebras
In Section 3 we constructed an elementary gl ℓ+1 -Whittaker function and demonstrated that it provides a solution of the eigenfunction problem for the quantum billiard associated with the Lie algebra gl ℓ+1 . Further, in Section 5 the elementary gl ℓ+1 -Whittaker functions were identified with U ℓ+1 -equivariant symplectic volumes of flag spaces B ℓ+1 = GL ℓ+1 /B. Thus we have managed to express eigenfunctions of the quantum billiard via equivariant symplectic volumes of flag spaces. This connection between quantum billiard eigenfunctions and equivariant symplectic volumes can be considered as a manifestation of a general relation between quantum many-body integrable systems, representation theory of the Hecke algebras and (generalized) equivariant cohomology of G-spaces (see e.g. [CG] , [Ch] for detailed discussions). Thus a description of G-equivariant cohomology H G (B, C) of the flag space B = G/B in terms of the nil-Hecke algebra H nil (G ∨ ) associated with the dual Lie group G ∨ was proposed in [KK] (see [BGG] for non-equivariant case). Below we consider the special case G = G ∨ = GL ℓ+1 and demonstrate that the results of [KK] are compatible with the considerations of our previous Sections.
Let us first recall some standard facts on the nil-Hecke algebra associated with the Lie algebra gl ℓ+1 (see e.g. [CG] ). Let Φ be the root system of gl ℓ+1 . We identify the diagonal Cartan subalgebra h ⊂ gl ℓ+1 with R ℓ+1 and fix a basis {e i }, i = 1, . . . ℓ+1 in h, orthonormal with respect to the bilinear form ( , ) induced by the Killing form on gl ℓ+1 . We define coroots as α ∨ = 2α/(α, α). Using the Killing form we identify h and its dual h * . The positive simple roots of Φ are given then by α i = e i+1 − e i , i = 1, . . . , ℓ. The Weyl group acts on h by reflections
and is isomorphic to the permutation group S ℓ+1 generated by elementary permutations s i = σ i,i+1 acting on the basis {e j }, j = 1, . . . , (ℓ+1) in R ℓ+1 via permutations of the indexes. Let s max ∈ S ℓ+1 be the element with reduced decomposition of maximal length. It can be written for example as follows
Definition 6.1 The nil-Hecke algebra H nil ℓ+1 associated with the root system Φ of gl ℓ+1 is an associative algebra generated by R s , s ∈ S ℓ+1 , D i , i = 1, . . . , ℓ + 1 and a central element c with the following relations:
3)
The generators R i := R s i corresponding to elementary permutations s i satisfy the following relations: 
are zero unless the product representation of s in terms of elementary reflections has minimal length. The corresponding element (6.7) is independent of the choice of the product decomposition of s.
The nil-Hecke algebra H nil ℓ+1 is a semidirect product of W nil and the algebra C[h] of polynomial functions on h. The center Z ℓ+1 of H nil ℓ+1 is isomorphic to the algebra of S ℓ+1 -symmetric polynomials of the generators D i , i = 1, . . . , (ℓ + 1). Irreducible representations of H nil ℓ+1 can be characterized by their central characters i.e. homomorphisms Z ℓ+1 → C and a homomorphism Z ℓ+1 → C is uniquely defined by S ℓ+1 -orbits of an element λ ∈ h. Let W λ be the linear space generated by the exponential functions Ψ λ,s (x) = exp(ı s · λ, x ) on h * and let {s · λ|s ∈ S ℓ+1 } be the orbit through a fixed element λ ∈ h. W λ may be identified with the space of common eigenfunctions of the ring Diff S ℓ+1 c of S ℓ+1 -invariant differential operators on h * with constant coefficients
is the differential operator corresponding to χ ∈ C[h] S ℓ+1 via the isomorphism
The space of solutions has cardinality |S ℓ+1 | and is given by linear combinations of the exponents. The following integral/differential operators provide a realization of the irreducible representation π :
where g ∈ W λ . Equivalently these operators can be written as follows:
From now on we shall abuse notations and use the symbols R j and D j for the images π(R j ) and π(D j ) of the generators in the representation W λ .
We call a vector Ψ
λ ∈ W λ to be of class one if it satisfies the conditions
This condition is a nil-Hecke analog of the sphericity condition for affine Hecke algebras [CG] and uniquely defines a class one vector in W λ . Taking into account that l(s i s max ) < l(s i ) + l(s max ) and the relations (6.3) for R i · R j , we infer that the class one vector can be written as follows
(6.14)
Proposition 6.1 The class one vector in the representation W λ of H nil ℓ+1 solves the eigenfunction problem of the quantum billiard (3.11), (3.12) associated with the root system of gl ℓ+1 .
Proof. Let us note that it is possible to write s max as a minimal length product of the elementary reflections starting with any s i , and thus obtain
Now using the realization (6.9) for R i := R s i we infer that
Thus taking into account (6.8) we prove the statement of the Proposition. ✷
In previous Sections we show that the elementary gl ℓ+1 -Whittaker function Ψ
λ (x) (3.2), (3.3) is a quantum billiard eigenfunction. Now we explain how the relation (5.2) between elementary gl ℓ+1 -Whittaker functions and U ℓ+1 -equivariant symplectic volumes of flag spaces B ℓ+1 arises via a relation between nil-Hecke algebras and equivariant cohomology of flag manifolds.
The class one vector (6.14) solving the set of equations (6.8) can be expressed through U ℓ+1 -equivariant symplectic volume of the flag space B ℓ+1 . This follows from a general connection between equivariant cohomology of flag spaces and nil-Hecke algebras which we review below following [KK] (see also [CG] ). Let us start with the non-equivariant case. Recall that the flag space B ℓ+1 has a Schubert cell decomposition, with cells O s enumerated by elements s ∈ S ℓ+1 of the corresponding Weyl group. The homology classes [O s ] provide a basis in the homology groups H * (B ℓ+1 , Q) and we denote by σ s ∈ H * (B ℓ+1 ) the dual cohomology classes. Thus for example σ id = 1 is dual to the fundamental class of B ℓ+1 and σ smax is dual to the unique zero homology class. The following orthogonality relation follows from the standard intersection product relations between Schubert classes (σ s σ s ′ ) = δ s,smaxs ′ ,
ω.
There exists another description of the cohomology groups of flag manifolds due to Borel (6.17) where the ideal J is generated by f ∈ C[y 1 , . . . , y ℓ+1 ] S ℓ+1 , f (0) = 0. Here the element ϕ, y , ϕ ∈ h * Z in the right hand side of (6.17) corresponds to the image of the first Chern class c 1 (L ϕ ) of the line bundle L ϕ associated with the weight ϕ. Let us denote by f the element of H * (B ℓ+1 , C) corresponding to f under the isomorphism (6.17).
The pairing of an element f ∈ H * (B ℓ+1 , C) with the fundamental class of B ℓ+1 can be expressed in the integral form
where e j (y) are elementary symmetric functions 19) and the integration domain C 0 encloses the poles of the denominator.
The representatives of the dual Schubert classes σ w ∈ H * (B ℓ+1 ) in the polynomial ring Q[y 1 , · · · , y ℓ+1 ] are called Schubert polynomials. For example one can take
The cohomology H * (B ℓ+1 ) of the flag space admits the structure of a module over nil-Hecke algebra H nil ℓ+1 . Precisely, the following operators
21) (6.22) define an action of the nil-Hecke algebra H nil ℓ+1 on the space of polynomials P ∈ C[y 1 , · · · , y ℓ+1 ]. This action commutes with the multiplication on S ℓ+1 -invariant polynomials and thus descends to the Borel realization (6.17) of H * (B ℓ+1 ) to provide an action of H nil ℓ+1 on H * (B ℓ+1 ). The action of the nil-Hecke algebra provides expressions for generic Schubert polynomials, thus
(6.23)
The pairing of the product of an elementf ∈ H * (B ℓ+1 ) and a Schubert class σ s with the fundamental class [B ℓ+1 ] is given by
Let ω i =ȳ i be generators of H 2 (B ℓ+1 ). Then, using the general formula (6.24) in the special case f (x) = exp(ı ℓ+1 j=1 y j x j ), we obtain the following representation for the symplectic volume of B ℓ+1 :
(6.25)
Example 6.1 For ℓ = 1 the element of the Weyl group with maximal length is s max = s 1 , interchanging y 1 and y 2 . Thus we have
Now let us consider an equivariant analog of the relation between the symplectic volume of B ℓ+1 and representation theory of H nil ℓ+1 . Let T ℓ+1 ⊂ U ℓ+1 be the diagonal Cartan torus. The T ℓ+1 -equivariant cohomology of the flag space B ℓ+1 has the following description generalizing (6.17): (6.26) where the ideal J is generated by functions f (y) − f (λ) where f (y 1 , · · · , y ℓ+1 ) is an arbitrary S ℓ+1 -symmetric polynomial function. Linear functions ω, y = ℓ+1 j=1 ω j y j , correspond to T ℓ+1 -equivariant extensions of the first Chern classes c 1 (L ω ) of the line bundles L ω associated with the integral weights ω of the Lie algebra gl ℓ+1 . The U ℓ+1 -equivariant cohomology H * U ℓ+1 (B ℓ+1 ) can be similarly realized as follows:
where the ideal J is the same as above. In the equivariant case the pairing with the fundamental cycle [B ℓ+1 ] is given by (6.27) where e j (z) are elementary symmetric polynomials (6.19) and the integration domain C encloses all singularities of the denominator. The integral reduces to a sum over the residues and is given by
Define a pairing between the space F(h * ) of analytic functions on h * and polynomial functions C[h] as follows: 28) where [f ] 0 is the constant term of the series expansion of f in a neighborhood of y = 0. The space W λ defined by (6.8) is dual to the cohomology groups given by (6.26) with respect to the pairing (6.28) i.e.
where J ⊂ C[h] is the subspace of S ℓ+1 -invariant polynomials. Note that operators R i and D j given by (6.21), (6.22) are conjugate to the operators R i and D j given by (6.9), (6.10) with respect to the pairing (6.28). Let us define the basis {D s }, s ∈ S ℓ+1 in W λ to be dual to the basis of the Schubert polynomials {σ s } in H * (B ℓ+1 ).
Proposition 6.2 One has
Proof. First we have
where in the last step we replace the integral by the sum over residues. Now we have
where we use the dual version of (6.23) for s = id. Using the duality between σ smax and D smax we obtain
Here at the last step we take into account that R smax f (y) is a symmetric function. ✷ Proposition 6.3 Suppose that ω i (λ) are the equivariant cohomology classes represented by the generator y i in the Borel realization (6.26). Then we have for equivariant symplectic volume
Proof. The result follows from (6.29) applied to the special case f (y) = exp(ı ℓ+1 j=1 y j x j ). ✷ Example 6.2 For ℓ = 1 we have s max = s 1 interchanging y 1 and y 2 . Thus for the equivariant symplectic volume of B 2 = P 1 we obtain
Comparing (6.30) and (6.14) we obtain the equality of the class one vector Ψ
λ ∈ W λ and the equivariant symplectic volume Z B ℓ+1
(6.32)
Finally note that the expression (6.14) for the elementary gl ℓ+1 -Whittaker function Ψ
λ (x) considered as an eigenfunction of the quantum billiard provides an integral representation for Ψ (0) λ (x). For example for ℓ = 1 the representation (6.14) with R s 1 realized by the integral operator (6.9) gives the following:
This integral representation shall be considered as the special case g = gl 1 of an elementary version of the integral representation of a g-Whittaker function introduced in [GLO1] for an arbitrary semisimple Lie algebra. Note that the integral representation introduced in [GLO1] shares with the Givental integral representation the property of positivity. In the ℓ = 1 case the integral representation (6.33) accidentally coincides with the Givental representation (3.8).
Elementary Whittaker function as a matrix element
In the previous Sections we prove that U ℓ+1 -equivariant symplectic volume of flag space B ℓ+1 = GL ℓ+1 /B is expressed through the elementary gl ℓ+1 -Whittaker function. This identification may be considered as a limit of the identification of classical gl ℓ+1 -Whittaker functions with S 1 × U ℓ+1 -equivariant volumes of the spaces of holomorphic maps of a two-dimensional disk D into B ℓ+1 [GLO8] . Recall that the S 1 × U ℓ+1 -equivariant volume of the space of holomorphic maps D → B ℓ+1 can be succinctly described as a correlation function for the equivariant type A topological sigma model [GLO8] , thus providing an infinite-dimensional integral representation of the classical Whittaker function. It was argued in [GLO8] that the mirror dual description in terms of the type B equivariant topological Landau-Ginzburg sigma model leads to a finite-dimensional integral representation of classical gl ℓ+1 -Whittaker function. This finite-dimensional integral representation has an interpretation as a matrix element of an infinite-dimensional representation of U gl ℓ+1 written in an integral form. This pair of infinite-dimensional and finite-dimensional integral representations of classical Whittaker functions was advocated in [GLO8] as a manifestation of the local Archimedean Langlands correspondence.
In this Section we provide an elementary analog of the mirror symmetry by constructing a representation of the elementary gl ℓ+1 -Whittaker function (3.1) as a matrix element of a monoid GL ℓ+1 (R) where R is the tropical semifield (for the definition of a tropical semifield see e.g. [MS] , [IMS] ). The correspondence between realizations of the elementary gl ℓ+1 -Whittaker function as a U ℓ+1 -equivariant volume of B ℓ+1 and as a matrix element of a representation of the monoid GL ℓ+1 (R) can be considered as an elementary analog of the local Archimedean Langlands correspondence.
Let us first discuss some special features of the integral representations (2.5) of the gl ℓ+1 -Whittaker function. The integral form (2.5) of the Whittaker function arises from the general expression (2.1) using a particular representation of U gl ℓ+1 . Let χ λ be a character of B − given by (2.3). Then the representation is realized in a subspace V λ ⊂ Ind [GKLO] using the results of [Lu2] (see also [BFZ] ). Let ǫ i,j be the elementary (ℓ + 1) × (ℓ + 1)-matrix with unit in the (i, j)-place and all other entries zero. Consider the set consisting of the diagonal matrices
and of their upper-triangular deformations
The factorized parametrization of N > + follows from the fact that the image of any generic unipotent element v ∈ N > + in the tautological representation π ℓ+1 : gl ℓ+1 → End(C ℓ+1 ) can be represented in the form
where we assume that x ℓ+1,i = 0, i = 1, . . . , ℓ + 1. Using this parametrization the following realization of U gl ℓ+1 by differential operators was constructed in [GKLO] . 
, The matrix element (2.1) written explicitly using this realization of the representation V µ is given by the Givental integral formula (2.5). Note that the matrix element (2.1) is defined for representations such that the action of the Cartan subalgebra can be integrated to an action of the corresponding group. The integration of the action of the whole Lie algebra gl ℓ+1 is not necessary and actually is not possible for the representation leading to (2.5). This is obvious taking into account that the integration in (2.5) is over a subset N > + ⊂ N + of positive elements of N + . Thus the function (2.5) does not naturally extend to a function on the group for which (7.4) where the characters of N ± are the Lie group version of the characters in (2.2):
The proper analog of (7.4) for (2.5) is defined as follows. In [Lu2] Lusztig constructed a monoid G > of positive elements for an arbitrary reductive Lie group G (recall that a monoid has a multiplication operation and a unity but an inverse element is not defined). Consider the monoid of positive elements GL
(R) can be represented via the Gauss decomposition as g = f h n where n is an upper-triangular positive matrix, f is a lower-triangular positive matrix and h is a diagonal matrix with positive entries [Lu2] . The monoid GL 
where the functions ψ ± are given by (7.5).
Proof. The equivariance property (7.7) with respect to nil N > + follows from properties of the right Whittaker vector. Equivariance with respect to nil N > − may be reduced to equivariance with respect to the Lie algebra and thus follows from properties of the left Whittaker vector. ✷ Now we are ready to provide a matrix element interpretation of the elementary gl ℓ+1 -Whittaker functions (3.6). Let us start by recalling the definition of a tropical semifield (see e.g. [MS] , [IMS] ).
Definition 7.1 A tropical semifield R is a set isomorphic to R with the following operations
We also introduce the notation α/β := α+(−β). The tropical semifield R can be understood as a degeneration of the standard semifield structure on the positive subset R + ⊂ R of real numbers. Indeed, consider the semifield R ( ) + with the following operations
The semifield R ( ) + is isomorphic to R
(1)
Then in the limit → +∞ the operations (7.9) are transformed into the tropical operations (7.8):
and the semifield R ( ) + turns into the tropical semifield R. The set of matrices Mat ℓ+1 (R) has a monoid structure arising in the limit → +∞ from the monoid structure on the subset of positive elements GL > ℓ+1 (R ( ) + ). Note that invertibility automatically holds in the tropical case and thus in the following we can identify the matrix monoid Mat ℓ+1 (R) with GL ℓ+1 (R).
Consider a principal series representation π
λ of the submonoid B − (R) of upper triangular matrices
where λ = (λ 1 , . . . , λ ℓ+1 ) and χ
λ (τ ) = exp −ıτ λ, τ ∈ R; λ ∈ C is a multiplicative character of R
Example 7.1 The following formulas
define an action of the tropical monoid GL 2 (R) on the space
and α, β, τ 1 , τ 2 ∈ R.
The explicit formulas in the example above can be obtained as a limit of the analogous formulas for the principal series representation π λ of GL > 2 (R) acting on V λ = Ind
Thus we have
Taking the limit → +∞ we obtain
where in the last case we use the identity
Thus we recover the formulas (7.10) in the limit → +∞. Now we construct elementary analogs of the Whittaker vectors (2.2) entering the construction of the matrix element (2.1). Precisely, we would like to construct vectors ψ (0) + (x) and ψ
λ satisfying the functional relations
Here ψ 0 (x) is an additive character of R ψ 0 (x) = Θ(x), ψ 0 (x 1+ x 2 ) = ψ 0 (x 1 ) ψ 0 (x 2 ), x i ∈ R. (7.13) Proposition 7.3 The following expressions for Whittaker vectors hold:
Θ(τ k+i−1,i − τ k+i,i+1 ), (7.14)
Proof. Recall that all the constructions of [GKLO] are formulated in terms of positive elements of GL ℓ+1 (R) and thus can be reformulated in terms of GL > ℓ+1 (R). This allows the definition of the → +∞ limit (see e.g. the derivation of (7.10) above) and so the obtaining of explicit expressions for Whittaker vectors as the → ∞ limit of the Whittaker vectors constructed previously (see eqs. (3.12), (3.14), (3.15) and (3.16) in [GKLO] Let us define an analog of the monoid nil GL > ℓ+1 (R) used in the formulation of Proposition 7.2. We define elements of a submonoid nil GL ℓ+1 (R) of GL ℓ+1 (R) via the Gauss decomposition g = f hn. Precisely we impose the additional condition that f ∈ N − (R + ) where R + is modeled on R + with operations×,+. Theorem 7.1 (i). From (3.6), the elementary gl ℓ+1 -Whittaker function (7.20) with x i = τ ℓ+1,i , i = 1, . . . , ℓ + 1 and τ k,i = 0 for i > k, allows the following matrix element representation:
where ψ L = ψ
+ and ψ R = ψ
− are defined by (7.11) and the pairing is given by
is a product of multiplicative measures dµ × (τ ) = dτ on R.
(ii). The function (7.20) can be naturally lifted to a function on the monoid nil GL ℓ+1 (R) satisfying the functional relations
where ψ ± 0 are given by (7.12).
Proof. The first part of the Theorem is a direct consequence of the explicit formulas (7.14), (7.15) for Whittaker vectors. The second part of the Theorem follows from Proposition 7.2 by taking the limit → ∞. ✷ Example 7.3 Let us directly check the second part of Theorem 7.1 for the simplest nontrivial case of ℓ = 1. The only property that is not obvious is the relation Taking into account the explicit form of the action π (0) λ 0 0 β 0 · f (τ ) = e −ı(λ 1 −λ 2 )(min(0,β+τ )) f (−min(−τ, β)),
we obtain the following integral:
R dτ e ı(λ 1 −λ 2 )τ Θ(−τ ) e −ı(λ 1 −λ 2 )(min(0,β+τ +τ 2 −τ 1 )) Θ(−min(−τ − τ 2 + τ 1 , β))e −ı(λ 1 τ 1 +λ 2 τ 2 ) .
Let us represent this integral as the sum
dτ e ı(λ 1 −λ 2 )τ Θ(−τ ) e −ı(λ 1 −λ 2 )(min(0,β+τ +τ 2 −τ 1 )) Θ(−min(−τ −τ 2 +τ 1 , β))e −ı(λ 1 τ 1 +λ 2 τ 2 ) ,
I 2 = τ >τ 1 −τ 2 −β dτ e ı(λ 1 −λ 2 )τ Θ(−τ ) e −ı(λ 1 −λ 2 )(min(0,β+τ +τ 2 −τ 1 )) Θ(−min(−τ −τ 2 +τ 1 , β))e −ı(λ 1 τ 1 +λ 2 τ 2 ) .
Taking into account the condition β > 0 for the first integral I 1 we have
dτ e ı(λ 1 −λ 2 )τ Θ(−τ ) e −ı(λ 1 −λ 2 )(β+τ +τ 2 −τ 1 ) Θ(−β)e −ı(λ 1 τ 1 +λ 2 τ 2 ) = 0.
The second integral I 2 is given by
dτ e ı(λ 1 −λ 2 )τ Θ(−τ ) Θ(τ + τ 2 − τ 1 )e −ı(λ 1 τ 1 +λ 2 τ 2 ) = = R dτ e ı(λ 1 −λ 2 )τ Θ(−τ ) Θ(τ + τ 2 − τ 1 )e −ı(λ 1 τ 1 +λ 2 τ 2 ) Θ(τ − τ 1 + τ 2 + β).
Note that if τ − τ 1 + τ 2 > 0 then obviously τ − τ 1 + τ 2 + β > 0 when β > 0. Thus we obtain I 2 = R dτ e ı(λ 1 −λ 2 )τ Θ(−τ ) Θ(τ + τ 2 − τ 1 )e −ı(λ 1 τ 1 +λ 2 τ 2 ) , β > 0.
To recapitulate: the elementary gl ℓ+1 -Whittaker functions shall be considered as the gl ℓ+1 -Whittaker functions over the tropical semifield R.
8 From Q p to Q 1 In Section 4 the elementary analog of the Whittaker functions (3.1) defined in Section 3 were obtained as a limit of the q-deformed Whittaker functions specialized at q = 0. In [GLO3] , [GLO4] , [GLO5] it was demonstrated that the q-deformed Whittaker functions interpolate the Whittaker functions over the Archimedean field R and the Whittaker functions over the non-Archimedean fields Q p , p is a prime number. The representation (4.1) can be understood as an expression of the non-Archimedean Whittaker functions in terms of characters of irreducible finite-dimensional representations of the dual reductive Lie algebra and thus is an instance of the Shintani-CasselmanShalika formula [Sh] , [CS] . Note that the Shintani-Casselman-Shalika formula provides an explicit realization of the local non-Archimedean Langlands duality in terms of the Whittaker functions. The elementary Whittaker functions (3.1) are obtained by further degeneration of the q = 0 Whittaker functions. Equivalently the elementary Whittaker functions can be obtained as the limit p → 1 of the non-Archimedean Whittaker functions. Taking into account Theorem 7.1, the elementary gl ℓ+1 -Whittaker function (3.1) should be formally considered as the gl ℓ+1 -Whittaker function over a mysterious field which we may call Q 1 . A similar relation holds between elementary L-factors (3.23) and non-Archimedean local L-factors. Thus elementary L-factors shall be considered as local L-factors corresponding to Q 1 . Below we will argue that these local L-factors have a natural interpretation over the tropical semifield R considered as a domain of the valuation map for Q 1 . In this Section we briefly discuss this interpretation for the simplest L-functions, leaving detailed considerations for another occasion.
To explain the appearance of the tropical semifield R in the p → 1 limit of constructions over Q p , we first recall the notion of a valuation on a non-Archimedean field. A valuation on a local non-Arhcimedean field K is a map ν : K → R such that These conditions can be succinctly summarized as follows. A non-Arhcimedean valuation is a partial morphism ν : K → R of K considered as a semifield (i.e taking into account only addition, multiplication and division operations) to the tropical semifield R. The term partial here means that the morphism property does not necessary hold for sums of elements of equal norms ν. In the case of the p-adic field Q p a non-Archimedean valuation can be defined as follows:
Thus the image of the partial morphism ν p : Q p → R is a discrete subsemifield (Z,×,+) ∈ R. Note that the valuation ν p has a large kernel Z * p consisting of invertible p-adic integers. Now we can partially clarify what meaning one can assign to a limit of the field Q p when p → 1. It is clear that the field Q 1 , considered as a semifield, should allow a partial epimorphism ν 1 onto R. What the kernel of ν 1 is not quite clear. Fortunately many constructions over Q p can be reformulated directly in terms of the semifield (Z,×,+) considered as an image domain of the valuation map ν p . Hence these constructions over Q p allow a limit p → 1 formulated in terms of the image of ν 1 identified with the tropical semifield R. Below we illustrate this phenomena for the simple case of the local L-factors.
